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Chapter One
Superposition Principle

We use the term interference in our daily life. Can someone describe its meaning? In layman
terms, we describe interference as someone intruding our space beyond a certain limit. So,
what happens when someone starts interfering in your life? Naturally, there will be a time
when there will be disagreements between the two people say on taking some important
decision. We say that they are going through a dark phase in their lives. Then there will also be
a time when both will agree on some decision, this can be regarded as a bright phase in their
lives. This is a scenario that we typically observe in our day-to-day lives. Now, what is
interesting is that a similar phenomenon is also observed in case of light as well. That is when
two light beams are brought together such that there’s is some overlap between the two then
we observe a region of alternate dark and bright phase, known as interference pattern. In other
words we can say that superposition of two light beams is called interference. Just like you
cannot have arguments with an unknown person, there has to be some relation between the
people. Similarly, for the light beams to interfere there has to be a fixed relation between the
phase of light waves of same frequency. Such light sources are said to be in coherence. This is
possible only when both the light waves are generated from a single source. So, if one
superimpose two light beams coming from two different source of light then you will not obtain
any interference pattern. Are there any other examples of interference seen around you?

This was just a basic introduction to interference of light. Now, we all know that a light wave in
mathematical terms is represented by its Electric field at a particular given as:

E =E, cos(owt+6,)x

Another light wave of same frequency will be given by:
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E; = Epycos (of + 6,)% (1.2)

So, there superposition can now be written as:

E=FE +E,

1.3
= Epjcos (wr + 0;) + Epp cos (@t + 0,)% (13)

Expanding the above expression using the identity cos (A 4+ B) = cosAcos B —sinA sin B, the
resultant disturbance will also be simple harmonic of the form:

E = Eycos (ot + ) (1.4)
where,
Eycos 8 = Egj cos 0) + E, cos 6, (1.5)
and
E(sin 0 = Ey; sin 0; + E sin 6, (1.6)

Now, to obtain Ey we simply have to square and add eqns. (1.5) and (1.6) to obtain:

] 12 (1.7)

Eo = |E3, + Eg, +2Eq 1 Egy cos (6; — 67)

Further 0 can be written in the form:

Eysin0; + Eyysin O
tan @ = =01 S 01 + £02SIN B (1.8)
Epicos 0+ Egcos 6,

In equation 1.7, if 6; ~ 6, =0,27,47, ..., then
Egy=Eqg +Ep (1.9)

and what we obtain is a bright field. Thus, if two light waves are in phase, then the resultant
wave amplitude will be the sum of the two amplitudes to obtain a bright region. This is also
known as constructive interference. Similarly, if 6 6, = 7,37w,57, ..., then

Ey=Eo1 — Ep (1.10)

Thus, we obtain a dark region, also known as destructive interference, as the resultant wave
amplitude is the difference of the two amplitudes.
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We also know that the intensity of light at a given point is given by the square of its
electric field. Therefore, the net interference intensity at a point can be given as:

[=|Ef = |E\+E)? (1.11)

Now an important question comes, that is, when this constructive and destructive interfer-
ence is happening then is the law of conservation of energy violated? Well, the principle of
energy conservation is not getting violated; but what actually is happening is that the energy
is just being redistributed.

For a general case, with n waves given by:

E| = Ep cos (wf + 0)%
E» = Epycos (0f + 65)%

(1.12)
E, = Ep,cos (0t + 6,)%

The resultant wave can be written as

E=E +Ey+..+E,=Eycos(wt+0), (1.13)
where,
EgcosO = EpjcosB) + ... + Ep, cos 6, (1.14)
and,

Epsin@ = Eysin@; +... + Ey, sin 6, (1.15)

Let us now consider the superposition of two orthogonally polarised light waves, i.e. two
light waves whose electric field vectors are oscillating in perpendicular direction to each
other. Let’s begin by taking the following two equations:

Ey=Ejcos(wt)%

1.16
E, =Eycos(wt+0)y ( )

Let us first solve these two equation by Analytical Method. We will consider a few
cases for this.

CaseI: When 6 =0orrm
Ey=Ejcos(wr)

E, = E>cos(wt)

H.No. 28 A/1, Jia Sarai, Near IIT-Delhi, Hauz Khas, New Delhi-110016 3
#: +91-89207-59559
Website: www.pravegaa.com | Email: pravegaaeducation@ gmail.com



Pravegarl Education

CSIR NET-JRF, GATE, IIT-JAM, JEST, TIFR, and GRE for Physics

Similarly, when 6 = 7

Ey =Ejcos(wrt)
E, = —E)cos(wt)

(1.17)

(1.18)

Thus, from eqn (17) & (18) we find that the resultant is a straight line passing through origin.

For 0 = 0, the motion is along the OB and for 6 = & the motion is along OE as shown if the

following Fig. 1.1.
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Case II: For 6 = 7/2

In this case the two fields will be given as

Ey =Ejcos(wrt)

E, = E)cos (wt+1/2) = —E;sin(wt)

Squaring and adding both these equations, we get

E)% E)% 2 )
— 4+ —= =cos” (wt) +sin” (@) =1

(1.19)

This is the standard equation of an ellipse whose principal axes lie along the x- and y-axis.

The semi major and semi-minor axes of the ellipse are E1 and E; if E; > E5. From the above
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equations, we can see that as time progresses, E, decreases from its maximum value E; and
at the same time E) becomes more and more negative. Thus the ellipse will be described in
clockwise direction as shown in Fig. 1.2 Similarly, for the case for 6 =37w/2 or 6 = —7/2,
we shall get the same ellipse but the motion will now be in anticlockwise direction (See Fig.
1.3).
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When E| = E> = Ej, then equation (19) reduces to the equation of circle of radius Ey
E;+E; =E; (1.20)
Let us now consider the general case to solve the eqn. (16). We can rewrite it as:

E.
— = cos(ot)

E;
g2 (1.21)
. sin(ot) = -=
( Ef)
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E
Y = cos(wt + 0) =cos(wt)cos(0) — sin(wt)sin(0)
2
E, 2
= —cosO — 1— == |sin0
E, cos 12> sin (122)
E2\ | E, Ey
(1_E_12> sinf = E—lcose — E
Squaring the above equation, we get,
E)% 2 E)% E\E. E2 .
2 cos’0 + = —2—=2cosh = |1 — ==X |sin’6
E? E? TEE E?
E2 E? E.E
—2((:0526 + sin26) + =2 —2"Lcosf = sin’6
E? E?2 T EiE
E? E} E.E
=X 4 X2 050 = sin’ 6 (1.23)

E}  E2 E\E,
Eq. (23) is describes an ellipse with its axes inclined to the coordinate axes. Different

trajectories can be observed for different 6 values. A few examples are shown in the following
Fig. 1.4
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Conclusion for superposition of two mutually perpendicular polarized light beams:
1. If 8 = nx, then the resultant polarization state of the superposition of the two perpendicular
polarized beams will also be linearly polarized with its electric field oscillating in a direction

E
different from both the original waves. The angle can be found by 6 = tan~! (iE—z) .
1
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2. If 6 # nm, the resultant field vector oscillates in ellipse if E; # E; and in circle if
E\=E,

3. If AG@ = 0, — 6, lies between 0 — 7 then the resultant ellipse (or circle) will rotate
in anticlockwise direction. Hence, for —A@ it will rotate in clockwise direction as was
discussed above in our case (See Fig. 1.4).

4. If A0 lies between 1 — 27 then the resultant ellipse (or circle) will rotate in clockwise
direction. Hence, for —A@ it will rotate in anticlockwise direction (See Fig. 1.4).
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