PraVegakl Education

CSIR NET-JRF, GATE, IIT-JAM, JEST, TIFR and GRE for Physics

Chapter Three
Relativistic Four

Vectors

3.2 Minkowski Diagrams

Minkowski Diagrams (sometimes called “spacetime” diagrams) are extremely useful in seeing
how coordinates transform between different reference frames.

Let frame S’ move at speed v with respect to frame S (along the x - axis, as usual, and ignore
the y and z components). Draw the x and ¢z axes of frame S . What do the x" and ¢’ axes
of S’ look like, superimposed on this diagram?

That is, at what angles are the axes inclined, and what is the size of one unit on these axes?
(There is no reason why one unit on the x" and ct’ axes should have the same length on the
paper as one unit on the x and cz axes). We can answer these questions by using the Lorentz
transformations, We’ll first look at the c¢¢' axis, and then the x" axis.

ct' - axis angle and unit size

Look at the point (x',ct')=(0,1),
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¥ v’ 0+2.1
Equation x = =—C _—py (x',cr')=(0,1)
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(x.ct') =(0.1) = (x.ct) = (38.7). (x.er)=(7.57)

The angle between the ct’ and ct axes is therefore given by tan 6, :ﬁz p. With g ZZ,
y c

have tan6g =
Look at the point (x',ct")=(1,0), Equation x = al +W2 = 1+02 =y and
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(x',ct') =(L,0) = (x,ct)=(7.78)

If 6, is angle between xand x’ then tan @, =

,6’7,3
7

Alternatively,

we

The ct' axis is simply the “worldline” of the origin of S’ (A worldline is the path an object

takes as it travels through spacetime). The origin moves at speed v with respect to S . Therefore,

points on the ct’ axis satisfy x/t=v,or x/ct=v/c.

On the paper, the point (x',cr") =(0,1), which we just found to be the point (x,cr)=(y8,7),is a

distance y+/1+v*/c* from the origin.

. . one ¢t unit  [1+°
Therefore, using the definitions of £ and ¥, we see that — = p >
one cf unit 1-4

as measured on a grid where the x axes are orthogonal. This ratio approaches infinity as f —1.

And it of course equals 1 if f#=0.

x' - axis angle and unit size
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The same basic argument holds here. Look at the point (x',cr')=(1,0), which lies on the
, v
r+

. . .. . X' +vt' 2 v
x'" - axis, one x" unit from the origin. Equations x=——-=y,1= S ANy 4

v v c
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c c

tell us that this point is the point (x,cr)=(y,78). The angle between the x’ and x axes is

therefore given by tané, =ct/x=v/c. So as in the ct’ - axis case, tan 6, =

(x',cr")=(0,1)
(x.ct)=(Br.7)

(N(.er)=(1.0
(x.ct)=(7.57)
Figure 3.4

On the paper, the point (x’,cr")=(1,0), which we just found to be the point (x,ct)=(y,yv/c), is

a distance y+/1+v*/c* from the origin. So, as in the ct’ - axis case,

one x' unit _ 1+ /3
one x unit \1-

as measured on a grid where the x and c7 axes are orthogonal. Both the x’ and ct’ axes are

therefore stretched by the same factor, and tilted in by the same angle, relative to the x and ct
axes. This “squeezing in” of the axes in a Lorentz transformation is different from what happens

in a rotation, where both axes rotate in the same direction.
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