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Chapter One

FOURIER SERIES

1.4 Complex Fourier Series

The complex Fourier series will be presented first with period 27, then with general period 2L .
The connection with the real-valued Fourier series will be explained then and formulae will be
given for converting between the two types of representation.
Then examples are given of computing the complex Fourier series and converting between
complex and real series.
New Basis Functions
Recall that the Fourier series builds a representation composed of a weighted sum of the
following basis functions.

1. constant term

2. cost cos2t cos3t cos4t. ..

3.sint sin2t sin3t sin4t. ..

Computing the weights a_, b and a, often involves some nasty integration.
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We now present an alternative representation based on a different set of basis functions:

1 (i.e., a constant term)

eit eZit 631'1 e4it

e—it 6—21'1‘ 6—31'[ e—4it

These can all be represented by the term ¢™ with 7 taking integer values from —oo to +oo.
Note that the constant term is provided by the case when n= 0.

Series of Complex Exponentials

A representation based on this family of functions is called the “complex Fourier series”.

F(1)=3 e

n=—ow
The coefficients, ¢, , are normally complex numbers.

It is often easier to calculate than the sin/cos Fourier series because integrals with exponentials
in are usually easy to evaluate. The beauty and power of Euler’s Equation.

We will now derive the complex Fourier series equations, as shown above, from the sin/ cos
Fourier series using the expressions for sin () and cos() in terms of complex exponentials.

Complex Fourier Series

) o int int int —int
f(t)=a,+ [a,cosnt+b,sinnt] =a, + Z{an (ﬂj +b, (%H
n=1 l

n=1 2

2 (a —ib) .. &(a +ib) 2
:a + n n elllt + n n e mnt — c elnt
’ Z 2 Z 2 2

a, ,h=0
Where,c, =<(a, —ib )/2 ,n=1,23,...
(a,+ib )2 ,n=-1,-2,-3,...

Note:a ,and b_, are only defined when nis negative.
1 ¢~
a,==[" cos(nt) £ (¢) dt
72' -7
1 7 .
b, == [ sin(n) f (1) i
T

1 ¢~
a —Ejlﬂf(t) dt

Thus, for n positive

¢, = 5@, i) =——[" [cos ()i sin ()] £ () di= —[" ™ 1 (0
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for n negative
1 . 1 ¢~ .
¢, =—(a, +ib )= —j [cos(—nt) + isin(—nt)] f (1)dt
2 2 -~

1 ¢o
=—1| e f(ar
—[ emf@

and for n=0
_ Lo
€ =0y =5~ [ e fwar
Complex Fourier Series Summary

1 7 .
c.=— | e™f£f@)dt
e a0

F0=3 ce"

n = —w

Example: Find the complex Fourier series to model f (¢)= sin (¢)
Solution: ¢ = —— j e f(ydi=— j " e sin(f) df = —
"o 2m 2 27 2

which is zero when n does not equal 1 or —1. For these two special caseswe set n =1+ ¢ and
calculate the limit of ¢, as & tends to zero. This gives us

1 -1
¢ = —andc, = —
2i 2i
Which means the complex Fourier series for f ()= sin (¢) is
et e

f@= M;Ocne =—

Finding the limitas n —> 1

Set n =1+ ¢ and let € tend to zero

(1+¢) -1 27| (1+¢)* -1

N 1 | 2ire i
2 2e 2

G

T or 1+26-1

1 | ™) g7 1| —e™+e™ 1 | -l-inc+1—ine
2
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Example: Find the complex Fourier series to model f(x) that has a period of 27 and is 1 when

O0<x < T andzerowhen T < x <2rx.

f(x)

— X
T 2n

1 o= j ; 1 T
Solution: ¢, = —j e " f(Hdt = L[e”"T —1],when n#0=— area= —, when n=0
2w -7 27wn 2 2

So, the Fourier series is

F =Y ce = { L

n=—w0

Convertingctoa, b,and d
From our example,
i _
—[e”"T —1] , when n#0
27h

Larea = I ,whenn=0
2 2

We wish to calculate the coefficients for the equivalent. Fourier series in terms of sin() and

cos ().
T
Clearly, a, =¢, = —. Forn>0
2
¢c,=(a,—ib))/2 = a,=2Re{c,}, b, =-2Im{c,}
converting our expression for ¢, into sin() and cos():

2c, = L [cos(n1)—i sin (n1)—1] = L [sin (nT)+i(cos(nl)—1)]
n n

sin(nT) and b, = 1—cos (nT).
nrw nrw

So, a =

n

Complex Fourier Series

©

f0=- {T+z Llen 1]e t+z%[ew_l]em}

n=1
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Real Fourier Series

_ T sin (nT) 1—cos(nT) .
f(t)—zﬂ z —— cos (m)+2—ﬂ sin (n?)

n=l1
Both series converge as 1/ n.
Converting from Real to Complex

Convert the real Fourier series of the square wave f(#) to a complex series.

A f(t)

I 1 -
1 LTt
-2t -T T 27

For the real series, we know that a, =a,=0 and

n

b :ij” sin(nt) £ () dit=——. n odd
Ve niw

Giving f(1)=— {51 O+ sm(3t) s1n(5t)+"}

5
To convert to a complex series, use

a, ,h=0
¢, =1(a,—-ib)/2 ,n=123,..

(a,+ib )2 ,n=-1,-2,-3,..
so, we have
¢ =0
¢, =—2i/(nr), n positive and odd

c, = 2i/(—nr) , n negative and |n| odd

J’_

2
= f{)=—..+
f();r{ 5 3 -1 1 3 5

e—Sit 6731'; e—ir eit e3ir eSit :|

General Complex Series

For period of 27

1 2 —int
¢ :Ejo e £ (1) dt
f(t) — z c emt
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Similarly, for period L

1 L —inxz—”
c, = —J. e L f(x)dx

0

27

f@= e

The fraction A is often written as @, and called the fundamental angular frequency.

Example: An even function f(¢) is periodic with period L =2, and f(¢#)=cosh (1) for

0 <7 <1. Find a complex Fourier series representation for f(¢).

f(t)

1 2 3 4

sinh (1)

1+ n’7?

1 oL -2 1 ¢2 .
- L - —int 77 _ —
¢ =7 jo e LI di= joe cosh (1 —1)dt

Hence the complex Fourier series is

=3 e = 3 IOIT

~ l+n'x’
We can check this answer by computing the equivalent real Fourier series,

a, = 2Re {c,} =123,
b, = —2Im{c,} =123

n

In this case, as ¢, is entirely real,

¢ = 2sinh (1)

2.2

n=1273 ..
l+n°7

sinh (1)
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Example: Find the complex Fourier series of the square wave f(x)

f(x)

]

-1 L1 X
L

Note that the mean of the function is zero, so ¢, =0.

1 ¢z —imeZ 1| ezi2 —m2Z L —imlE
—— I - L gy — 2
c, = IO e f(x) dx J. e dx J.L/ze dx

0

1 —2inmw —inm
= 2in7r[e 2 ]-2e ]

Converting to a Real Series
We wish to convert the complex general range square wave series into a series with real

coefficients.

n| odd

0 n| even

>

{2 /(inx),
c, =

Clearly a, =c, = 0. For a and b use:

c, = (a,—ib))/2
= a, =2Re{c,}=0

and b, = =2 Im {cn}:i, n odd
nr

Which gives us the real series:

) 2 ) 27
4 - sm(3x7) sin KSxT)

1)=—|sin| x— | + + +...
/O 4 ( Lj 3 5
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Summary

For period L

1 L —inszﬁ d
c, = Z.[o e f(x) dx
2z

f@) = Y el

n=-—-w0

Relationship with the cos/sin Fourier series.

d ,n=0
¢, = s(a,—ib)/2 ,n=123,..
(a,+ib )/2 ,n=-1,-2,-3,..
a, = 2 Re{c,} n=1273 .
b, = -2Im{c} ,n=1273 .
a, = c,
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