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Fourier Transformation

3. Fourier Transformation Properties:

e Linearity Property: x(1) < X (f)
And y(t)<=Y(f)
Linearity property says: x(1)+y(1) = X (f)+Y(f)
ie. = [ (x(0)+y(t))e > dt =" x(t)e *dr+ [ y(t)e
- X ()Y ()
o Symmetry property: If /(1)< H(f) (If h(¢) and H( /) make Fourier transform)

Then symmetry property says:
h(t)<= H(S)
& H(t)< h(-f)
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Example: ¢ > < 2z0e
Where h(f)=e"*" & H(f)=\2rce? "
Then H(t) <:>h(—f)
= 2roe 0 o o/
Example: Given Fourier transformation of e s V27oe ™" Find the Fourier transform
o\2me " using symmetry property.
Solution: Using symmetry property we get /(—f)= e/

= Prove that H (1) < h(—/f)

Proof: Given H(f) = J‘ih(f)e_ﬂ”ﬁdt

h(-t)e [ H(f)e™"df

Switch t - f

h(-f) =r H (1) dt

e Time scaling: Suppose we have h(t)= H ( f)

Thenh(kt) < %H(%), where k is real.

We know that, F (h(¢))= [ h(kt)e>*"dt

Considerkt =y, Then F(h(t)) - J‘_O:Oh(y)e—ﬂfrﬁ»/kdy

Z% " h(r)e (y—>1)

F(h(t)):% H(%}

2 2 2 2,2
Example: If e < 2710e 7/

Where h(1)=e™*" & H(f)=270e>" "
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2
22 1 —27!202f—2
Then e @;\/272‘0'6 k

e Frequency Scaling: If h(t) <=>H(f)
1 t
— Kl = H(k
)=

ﬁh(é), This will always be positive and k should be real.
e Time-shifting: Suppose /(1)< H(f)
h(t—t,)<?

We know H(f)zjwo h(t)e " dt

—0

And H(f)szc h(t)ejz”ﬁdy

F{h(t-1,)} = Th(t—to)e‘””ﬂdt

Now Let t—¢, =y

- J' h(y)e_f2ﬂf(to+y)dy _ o /27 J‘i h(y)e > dy

—0

Here y <> ¢
= /P J.w h(t)e > dt

Flh(t—t))} = H(f)

Example: Given /(1)< H(f) i.e. e o Proe " Then find h(t—a)?
Solution: /(1—a)=e/*"* L2roe o r”
e Frequency shifting: If 4(1)< H(f)

Then H(f - f,)<?

We know that F(h(t)) = T h(t)e > dt
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©

And F[H(f)]=[H(f)e*"dt=h(r)

©

Let f—fy,=y=>df =dy

_ r H (7)™ ay

FUH(f-f)]=e""h(1)

= Ingeneral, If A(t)= i 5(t—nT)

n=—000

0

Then F{h(t)}:H(f):% > 5(f—%j

n=—00

= The Fourier transformation of a sequence of an equal distant impulse function is another

sequence delta function of the equal distant pulse.

2 2
Example: If /()= A AL or<i<0 4
21,
AZ
2 g2
21,
Then find its Fourier transform. P R
» o 2T, 1= 2T,
Solution: F(h(t)) =L h(t)e > d ’ ’
) ) v
= J.O AZ +ﬂ e’jZ”ﬁ)tdt_;’_IZTO A2 _ﬂ e’.iZ”.fotdt
27y 2T, 0 2T,
2 2
= Azjo e P dt +A—jo te” " dt + AZIQT" o gy - A j e gy
21, 2T, * =20 0 2T, 0

—j2mfyt

0
—jonf 1° 2 —janfy —janfy —j2afy *o 2 —janfy
- A{e, } P PR ) IS A{e_ } A e e
—j2r f, o, 21| —Jj2rmfit (=j27 /1) . =2zt |, 2L —j27f, (-j2xf,

1

|

1

_ A [eﬂ,rforo _ AT +1] + A T (ej4”foT0 _ e—j4ﬂfoTo) T
j2xf; 21, (—j27£,)

_%[eﬂm 4o AR ﬂ
J4TT

J’_
J2rnfy  j2rf,
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2 ) 2 ] 2 2 t4
_A 51n47rﬁ]T0+'A—[2];)sm(47rﬁ]To)}+ A. { . 2 __ CO. ”ﬂqo}
7y JTim fy 2L (=j2zf) L j2nf  jexf
24° 3 2sin” 27 /T,
21, (j2xf)
. . 2
H(f)=247T, sin 27zﬂz“0 :2A2To[sm27zﬂ"0)
(27 /T,) 27 /T,

~al

Example: If 4 (7)= %ae

Such that h(t)z%ae“’ t<0

| R

—at

=lae t>0
2

v

Then find H ( f)
t—

Solution: F [ h(t)|=H(f)= J‘_“’ %ae—ate—jhﬁdt

0 1 . 5 o0 1 . )
=I —qe™e gt +I —qe e gy
=) 02

Caf ey 0 L@ o2 °
2la-2xf |, 2| -(e+272f)]
2
a
H(f)= —%
(f) a2+47z,2f2

Or

Solution: H(f)= f %ae“’e‘””ﬁdl

H(f)TA

= J:OO %e’“"‘ (cos27z ft— jsin 27z ft)dt =0

= f %ew"‘ cos 27 fidt

»
»

—f

= a{L[—a cos 27 fi + 2z f sin 2z fi], =L[O—(—a)]

a’ +4r’ f? a’+4rn’ f?
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az

H =———— , Which is a Lorentzian function.
(f) aZ +47z_2f2

Solution of a Differential equation using Fourier Transformation:

2
Consider Z’T); —0’y=-6(x—a)

Fourier transformation of a derivative, if h(t) and h(f) forms Fourier transformation pair
Then h(t)<:>H(f)

d"h(t 0
@ SO o (2 a ()

d"H(f)
df"

where S(z‘) is something different from h(t)

(b) (—j27ft) S(t) =

Example: Find the Fourier transform of 6"(x).
Solution: F (k) =ro 5'(x)e™dx

—00

=0—ik = (~ik) -1= ik

o r ()= F(K) = LT oy i)

dxn A
] ] -1 t<0 h(t)
Sign function: =
* Sign function: sgn(r) {1 0
2 < =
So F =—
o) {sgn(t)} o
v
e Unit step function
h(t)=u(t—1,) 4 h(t)
1
< 5 . >
v
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We can we the linear property of Fourier Transform to get Fourier transform of other function.

If we add 1 in sgn(t) then using the linear property we get:

1 4 h(t)
sgn(t)+1=2u(t):>u(t):5(1+sgn(t)) |
1 2 1 1 < >
L +1 "_1 +1
F =
[u(t)]=— s+ w5 (0)
F(1)=2z5(w)=6(f)
e Barrier function in terms of unit step function:
Barrier function can be written in terms of a unit step function.
ie. u(x—a)—u(x—b) It
. .. peeeeeee——-
if —+ 70
if u(r) = ja)+ﬂ (o)
Then u(t—1,) < e’™ (]La)-'_ ﬂé(w)J a b ’

= We can find the Fourier transform of barrier function using the unit step function:

® Sine function: 1

f(x)=Sir;bx /\ /\

en x)p=7? /\ /\ /\;
Then F{f(x)}=" v, \/
when }(x) =J.:dxf(x)eik“

:Jmo dx COSkxsmbx+iksinkxsmbx ax
o ¥ X A

_ jw (—sin(kx—bx) . sin(kx+bx)de
—0 2x 2x

e —sin(k—b)dx | 5 sin(k + b)dx b b ks

o0 2x

—0 2x

f(x)=7z|u(k+b)—u(k-b)]
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