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Complex Analysis

5.7 Laurent’s Series:

b, b b
=% (=2) ()

Analytic part principle part

ayra(z-z,)+ay (- 2,)

/(2)

For Laurent’s series, z, is a singular point.

If b, >0 foralln=1,2,3........ , Then Laurent’s series reduces to Taylor’s series.

Singularity:

1. z, is essential singularity if b,,b,,b,....,b,,......c0 are infinite in number.

2. z, is called non-essential singularity if b,,b,,b;,.. are finite in number.

3. If only jis there at z =z, then z; is a simple pole.

4. The point z,at which the function f(z)is not defined, infinite or multi-valued then the point

z,is known as singular point.
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5.1f only b, is there at z =z, that is known as »" order pole.
6. Isolated Singularity: When for a function f(z)there are two or more singularities then in

the neighborhood of one singularity no other singularity will exist and that is known as Isolated

Singularity.

Example: f(z)= _1 , sinz=sinnr, —@ @ @
/4 0 s

Sin z

z=nrx, z=0,7,—7w,27m,-2m--
7. Non-Isolated Singularity: When for a function f(z)there are two or more singularities then

in the neighborhood of one singularity, other singularities can exist and that is known as non-
isolated Singularity.

Example: f(z):;, z:nﬂ, z:l, z=1,
n

. T
sSin — z
z

W | —

8. Branch point singularity: If f(z)=(z —ZO)E, then z, is a branch point singularity. The
function f(z) is multi-valued at z =z, and this is the identity crisis.

Example: f(z)=log,z & f(z)=z"? so z,=0is a branch point.

0

= Laurent’s Series: f(z)=).a,(z-z,)" + ib—nn
n=0 n'=1 (Z - ZO)

C} f(éz

" 2xi i i “
g
f (é)
n Zﬁlc'p —n'+1 5 . R
1
e [ e UL
9 f(g)dgzz;zibl = f(z)dz = 27iby =271y R v

=> The above equation is Cauchy’s Integral Formula, where 4 is Residue.

b, is the coefficients of

z-z,
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Example: Find the Laurent series for the following functions

@ ()= <

A Ty S
f(s)=-1
1
2
(z)=— 1277 oz po
Analytic part principle part

e Soitis non-essential

e |[solated

e Pole of order 1 i.e. simple pole.

(b) f(z):z(zl_ 5 451
Solution: f(z)= (l_ 3 z|>1 :|1—|<1

e Soitis an essential singularity.

e Pole of order 2 i.e. second-order pole.

(c) f(2)=

z|>1 at z, =1

_
Z(Z—l)’

Solution: z, =1, z—-1=¢, z=1+t

1 -1 1
= :—1 t = — 1_ 2_ 3 oo =__1 — 2.,
f(2) (1+1) t( 48— ) P A

~
—_
—
+ |~
-~
N—
-~
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(@ f(Z) - Z(Zl— 2)

(a) 0<l|z|<2, H<1
2

Solution: f(z)= 22)

2z|,_2 2z 2 2z 2 4 8
2
1. N .
So b, =—5 i.e. non-essential singularity.

(b) 2<|z| <o, £<1

Solution: f(z)=

e (Lz)ﬁ“ﬂl

f(z)=L{1+E+i2+%+...1=L+%+i4+ﬁ+...., b1:0
z zZ z z

e essential singularity.

e Analytic part =0

Example: Find the residue of the following function f(z) :m’ 1< |z| <2 z,=1.
zZ— zZ—
Solution: f'( )=; 1<|z]<2 so 1 H<1
((E-2) ERNE
(z-20)=(z-1)
1 -1 . 0<|z—1|<1
= —(1—t
/() t(t-1) t( ) {0<|z|<1 }
1 1
=—2|1 i === —F....
t[+t+t+t+ ] PR

H.N. 28 A/1, Jia Sarai, Near lIT-Delhi, Hauz Khas, New Delhi-110016
#: +91-89207-59559, 8076563184
Website: www.pravegaa.com | Email: pravegaaeducation@gmail.com




PréVegaE] Education

CSIR NET-JRF, GATE, IIT-JAM, JEST, TIFR and GRE for Physics
H.N. 28 A/1, Jia Sarai, Near IIT-Delhi, Hauz Khas, New Delhi-110016
Contact: +91-89207-59559, 8076563184
Website: www.pravegaa.com | Email: pravegaaeducation@gmail.com

=—11—1—(z—1)—(z—1)2 —(z—l)3 ----- , b, =—1, non-essential singularity.
~_

Example: Find the order and singularity for the function f(z) =issinz at z,=0.
z

S | t' n: f _i _i3+i5_i7 — 1 1 +i_i_i
olution: /(2)="75| 2=, ! 2 23051 71 91

So residue, b, =0 and order are 4.

Example: Find the residue of the function f(z)=z"¢"* at z,=0.

Solution: f(Z)=z{l+é+2'1zz +3‘%+ ----- } SR S S

Soresidue b, =é

Example: Find the order and residue for the function f(z)=— !

(a) 0<|z|<1

Solution: 0<|z|<1 =z<I

1 1 a1
f(Z):m:?(l—z)1:?[1+Z+22+Z3+24+....:|
1 1
- T
f(2) St t_tltzt

So residue b, =1& Third order

(b) |2|>1

Solution: ‘z\ >1 :1 <1
z

1 1 ! 1 1 1 1
f(Z)Z—IZ—T(l——j S s M

=(-1)

So residue, b, =0
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Example: f(z)= 22_32—;'?2

L 2243 2243 4B
Solution: f(2) = 2 T on-2) (o) (--2)

—2z+3=Az-24+Bz-B=z(A+B)-24-B
On comparing coefficients on both sides we get A=-1 & B=-1
-1 1
f(2)=——-——=1(2)+14(2)

Cz-1 z-2

Here we have two functions and we will see that different functions will give different series in

a different region.

@)= A5

(I)fla(z)zi :>|Z|<1

f1a(2)=( _2)71=1+Z+22+Z3+Z4+”“ (1)
1

fl,,(z)—: =lz|>1

(2-z) 2(1_z] 20 2) 200 2 4 8
2
1 z 22 2
L= e
= fu(z)=———= =|7>2
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z z z

f%(z)ﬁ_é(l_z)‘_i{lgézﬁﬁ_..} fol)—lo2 4 8
:
= f(2)=1(2)+£(2)

@ [<1, fG)=1,(2)+ £ (2)

(2) 1<|z[<2, f(2)=1,(2)+ fou(2)

B [z>2, f(2)=1i(2)+ 1 (2)

Example: Find the Laurent series or Taylor series for f(z) = in the following

1
(=-1)(-2)
region:

(a) |z <1

Solution: f'(z)= ! __ A B

(z-D)(z-2) (z-1) (z-2)

l=Az-24+Bz—B, A=-1,B=1

el S ST PR S
f(z)_z_1+z_2 1[1-z] 2(1—Zj
2
f(Z):(1+Z+ZZ+Z3+ ''''' )——{1+§+Z—2+—3+ }
AN SR _1,32 72
f(Z)_(l__j+(Z_Zj+(Z 8j+ SRR
(b) |2|>2
1 A B
Solution: f(z)= = +
() (z—l)(z—Z) (z—l) (2—2)
1 1 2 1
f(z)= Z_1+Z_2, H<1, ?|<1
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f(Z):_l\\l-l-l-l-i-f-is-l-""J‘i—l\‘l-i-z-i-iz-i-%-i-""“
z

z z* z z z z° z

fo=-ty 2 43,
z z z° zo z z z= z
(c) 0<|z—-1|<1
Solution: f'(z)= ! = !
(z—l)(z—Z) (z—l)(z—l—l)
1 - -1 2 3

f(Z)z—m[l—(Z—l) :|=Z_1|:1+(z—1)+(z—1) +(Z—1) +j|

1 2
f(2)=————1=(z=1)=(z=1) -+
z-1
Calculation of Residue at pole z;:

There are a few methods to calculate residue:

1. b in Laurent series is the residue of f(z) at some pole z,.

]: lim ;)!j%nll(z—zo)” f(z)

2. Residue for »" order pole [ (1
Z*)ZO n_

n
z—zo)

And for simple pole (n=1) : lim(z—z,) f(z)

z—2z

¢(2)
v(z)

3. Suppose f(z)= , (#(z) and y (z)are transcendental function )

Check for conditions at pole z,: y'(z,)#0and ¢(z,)#0

If the above conditions will satisfy then residue will be =lim ¢,((ZO))
Z—)Zo W ZO

Question: Find the residue of the following functions :

=lim(z—1)x ! =1

1
(Z—l) 2l (z—l)

This is the Laurent series where all other coefficients are zero so residue (5) =1.

Solution: f'(z)=
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2 2
z z

Solution: f(z)=——= . —, z=tia, two poles are there and both are simple
Z2+a> (z+ia)(z—ia)

poles.
at z=1ia
—ia)z* 2 SN2 .
f(z)zlim—(z' za)z. :Z—_:(la_) :—6'1, Thus Residue blzﬂ.
z—>fa(z+za)(z—za) 2ia  2ia  2i 2
at z=-ia
; 2 . N2 .
f(z)zlim (z.+za)z' :(—za.) :izi,ThusResidue bzz_—al.
H—ia(z—za)(z+1a) —2ia  2i 2i 2
© £(2)=5
tanz sin z T & 3r 3rx
Solution: = = =1-1= -= = == ......
olution: f(2) =27 cosz(z-1)(z+1) " " 22272
. (z-Ntanz  tanl
:1: =1 =
tz=l f(2) D (z-D)(z+1) 2
. (z+1)tanz tanl
=-1: =1 =
at =L/ () =M o T
at z:%:f(z):}ij%%, ¢(z):sinz&y/(z):cosZ(Zz_l)
¢(%j=sin%=l¢0 &

2
T

v'(z) :—sinz(z2 —1)+2zcosz = 1//'(%) :1—7 #0

sinz
Residue = 22= 12= 42
T T 4—7
I-— 1-—
4 4
1
(d) f(2)=——.
(zz+a2)
1 1

Solution: f(z)= == 5 5
ution: /(2 (7 +a’) (z+ia) (ia)
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At z=ia

/@ :i{gﬁ%(z—ia)z (z+ia)21(z—ia)2

/ (Z):%(z:ia)z - (z;?af - (2;2)3 i Sorestue b=
At z =—ia

= )

f(2)= (_;i)s = +8_ziz3 = 4i1a3 , S0, residue b, =— 4;3 .

H.N. 28 A/1, Jia Sarai, Near lIT-Delhi, Hauz Khas, New Delhi-110016
#: +91-89207-59559, 8076563184
Website: www.pravegaa.com | Email: pravegaaeducation@gmail.com

10



