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5.8 Complex Integration or Contour Integration  

  2
c
f z dz i R    : Anticlockwise 

  2
c
f z dz i R     : Clockwise 

Example: Find the residue of the following functions:  

(a)  
2

2 1
( )

c

z
f z dz

z z




  

Solution:    2
2

2 1
1 0

c

z
f z dz z z z z

z z


     

    0,1z   are the poles 

Now at    
 0

2 1 1
0, lim 1

1 1z

z z
z f z

z z

  
   

 
 

And at    
 1

( 1) 2 1 1
1, lim 1

1 1z

z z
z f z

z z

 
   


 

 
   

Complex Analysis 
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Then Residue will be  2 1 1 4i b i    . 

(b)  
2

( )
1c

dz
f z

z


 . 

Solution:   1 1 0, 1, 1z z z      

At    
   

1 1 1
1:

1 1 1 2

z
z f z

z z z


   

    

1
2

2
i i     (Anticlockwise)

 

And at    
   

1 1
1:

1 1 2

z
z f z

z z


    

   

1
2

2
i i       
 

 (clockwise)
 

Residue 2i i i      

 

(c ) 
/2

2
( )

1

i z

c

ze
f z dz

z




  

Solution:   
/2

2
( ) 1 1 0

1

i z

c

ze
f z dz z z

z



    
  

1, 1z    

 At     
  

/2 /21
1 2

1 1 2 2 2

i z iz ze e i i
z f z i

z z

 

 


        
 

 

At    
    

/2 /21
1 1 2

1 1 2 2 2

i z iz ze e i i
z f z i

z z

 

 
  

          
  

 

So residue will be R 2       . 

(d ) 
cos

( ) , 1
c

z
f z dz z

z
   

Solution: 
cos

( ) , 0
c

z
f z dz z

z
  , simple pole 

at 0, cos 0 1, 2 1 2oz I i i        

(e )  
 

sin
( ) , : 4 2 6.5

4c

z
f z dz c z i

z iz
   

  

1 1

1 1

0

clock anticlock
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Solution: 
 

sin
( )

4c

z
f z dz

z iz


  ,  for pole  4 0 0z iz z     

Residue at 
0

0 lim
z

z


   
 

sin
0

4

z z

z iz



            2 0 0so I i     

(f )  2( ) z

c
f z z e dz   

Solution: 2( ) 0z

c
f z z e dz   

1

1

( ) ( ) 0
c
f z dz f x dx



         
1

1

( ) ( )
c
f z dz f x dx



     

12

1

5
( ) 2 2x x x

c
f z dz x e xe e e

e
          

Residue 
5

e
e

   

(g ) 
3

2

5
( ) , : 2 5 0 2.5

5 6 2

z dz
f z c z z

z z
     

   

 

Solution:   2 5 6 2 3 , 2,3z z z z z       

              z =2 is in the contour 

3

2

( 2)
( ) lim 8

( 2)( 3)z

z z dz
f z

z z


  

 
    ( ) 8 2 16

c

f z dz i i           

  So residue will be 16 i . 

( h) 2

sin
( ) , : 2 1

ze z
f z dz c z

z
    

Solution: 
2

sin
( )

ze z
f z dz

z
   

0z  , pole which is outside of the contour, So Residue 0 . 

(i) 
2

( ) , : 4
1z

z
f z dz c z

e
 

  

Solution:  
2

2 1( ) 1
1

i nz
z

z
f z dz e e

e
    

  

 2 1z i n             , 3 ,5 ,7 ,...z i i i i      

 1,0  1,00

c

0
1

2
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0z i  (Inside) 

     2 , 1, 1z z iz z z e z e e            

   
 

 2 2
2

1 1

z i
f z

z

   



   

  
     3

1 2I i   

0z i  (Inside) 

     2 , 1, 1z z iz z z e z e e            

   
 

 2 2
2

1 1

z i
f z

z

   


 
   

  
     3

2 2I i   

1 2 ,I I I  Thus Residue 34I i  

 

(j) 
2

tan
( ) , : 1.5

1c

z
f z dz c z

z
 

  

Solution: 
2

tan
( )

1c

z
f z dz

z



3

1, , , ,
2 2 2

z
  

      

1z  (Inside), 
 

  1

tan1 1 tan1
( ) lim

1 1 2z

z
f z

z z


 

 
 

1z   (Inside), 
 

  1

tan1 1 tan1
( ) lim

1 1 2z

z
f z

z z

 
 

 
 

tan1
2 tan1

2
I   

 

( ) 2 2 tan(1)f z i I i    

(k)   
41 1

, 1
2 cosh 2sinh

z

c

e
f z dz z

i z z


 
  

Solution:   4cosh 2sinh & ( ) 1zz z z z e          sinh 2coshz z z      

cosh 2 sinh 0 cosh 2 sinhz z z z         
2

z z
z ze e

e e



    

2 2 0 3 0 3z z z z z z z ze e e e e e e e             2 3ze   

   
 

 22 24 11

sinh 2cosh sinh 2cosh

zz ez e
f z

z z z z z





  

  
 

4

4i

4

4i

i

i

/ 21/ 2 1
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 
 

8 8 2

2 2

2

z z z zz z
z z

f z
e e e ee e

e e
 




 

   
  

 

 

  16 16 16 8
33 2 3 33
3

z z
f z

e e

 
    
  

 

 
41 1

2 cosh 2sinh

z

c

e
f z dz

i z z


 
  

8

3
  

(l)  
2

log ( 1)
( ) : 1.4

1
e

c

z
f z c z i

z


  

  

Solution: 
2

log ( 1) log ( 1)
( )

1 ( )( )
e ez z

f z
z z i z i

 
 

  
 

,z i i  are the singular points and 1z   is branch point. 

( ) log ( 1) log ( 1)
2 lim 2 log ( 1)

( )( ) 2
e e

e
z i

z i z i
R i i i

z i z i i
  



  
     

 
 

4log 2
i

eR e


  

 
 


