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Chapter 4
Central Force and

Kepler's System

1. Central Force

In classical mechanics, the central-force problem is to determine the motion of a particle under
the influence of a single central force. A central force is a force that points from the particle
directly towards (or directly away from) a fixed point in space, the center, and whose magnitude

only depends on the distance of the object to the center.

In central force potential V is only function of r, a central force is always a conservative force;
the magnitude F of a central force can always be expressed as the derivative of a time-

independent potential energy
v X F = 1 a—F é —l a—F ¢? = 0
rsin@\ 0¢ r\ 06
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And the force F'is defined as F = —%—Vf (force is only in radial direction)
r

External torque and angular momentum of system

But for central force, 7 =7 xF. => r=rFx——F=0,

External torque 7 =0, so angular momentum J is conserved.

Now, if we calculate 7-J =7 - (Fx [7)= 0 =7 LJ, hence position vector 7 is perpendicular to
angular momentum vector j, hence J is conserved. Its magnitude and direction both are fixed,
The central force f(r)f is along to » and can exert no torque on the mass m . Hence the angular

momentum J of m is constant. However, J is fixed in space, and it follows that » can only
move in the plane perpendicular to J through the origin.
Equation of Motion for central force

The equation of motion in polar coordinate is given by m(# —r92) =F, and m(r6 +270) = Fy,
y

oV ;
For central force problem F(r)=——— and F, =0 f(r)i
P ( ) or ¢ /
,/‘ m
. oV
mE=r0)=="2" and m(ri+2i6)=0 4 e
Equation of Motion and Condition for Circular Orbit Figure 1
- . . . . . . A oV
Condition of circular orbit from equation of motion in radial part m(#¥ —r@”) = o
r
. . . .. > oV
For circular orbit of radius 7, r =71 and ¥ =0, so —mr,0" = o
T lr=0
And 6 = w, is identified as angular frequency in circular orbit.
ar r=r 6r r=r
0 0
For circular orbit angular frequency o, is given by @, =
Conservation of Angular Momentum and Areal Velocity
5 -
m(ré + 2?9) = F,, but for central force, f, =0 = m(ré + 2?9) =0= % =0
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. . J . -
Angular momentum =mr’6=J = 0=—; itisalsoseen 7-J =0
mr

So motion due to central force is confine into a plane and angular momentum J is perpendicular

to that plane. x4
1 foective
For the central force problem, now Azzr-rdﬁ
Areal velocity = qA _ lr2 40 :lrzé
dt 2 dt 2 r

d—Azlrzé’ .Itis given that 6 = J2 o) aA_ T do >

dt 2 mr dt  2m Figure 3 y
Which means equal area will swept in equal time Figure 2

Total Energy of the System

. - . . OE
Hence total energy is not explicitly function of time ¢ so o =0. One can conclude that total
t

energy in central potential is constant.

E = lmv2 +V(r) and Velocity v = 77 + 60

So total energy, E =%m(f2 +r292)+ V(r):%m#2 +%mr292 +V(r) ( 6= j
m

2
r

1 ., J?

2

2J as a function of only r and potential energy as a

The sum rotational kinetic energy
2mr

2

function of only r i.e. V(r) are identified as effective potential V,, = —+V(r)

The concept of effective potential allow to two dimensional system in one system as ¥, is

ective I
only function of r.

Analysis of effective potential

The effective potential is defineas V,, = —
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The nature of orbit will dependent on nature of effective potential and total energy of a system
which is shown in figure.
effective

And lets discuss how variation of energy will leads to shape

of orbit

e d ®

Case 1: if energy E <V, thereis turning point at » =a the \
E

classical region as r>a, the particle is unbounded so

nature of orbit may be either parabolic or hyperbolic Figure 4

Case 2: If energy E=V, there r=r, is identified as stable equilibrium point because

v, oV,
— 9 -0and —;ff >0 so possible orbit is efecive
or | or
r=n r=n,
circular in nature with radius 7, for region, the angular E

frequency in circular orbit is @, =

Figure 5

There is turning point at r=a. r > a is also identified

as classical region .The particle is unbounded so nature of orbit may be either parabolic or

hyperbolic
Case 3: If energy V, < E<V,_,, the particle is bounded o
between turning point aand b and shape of orbit is /—\V
elliptical in region. E N/ : [\
Radius r = r; of circular orbit is also identified as stable PVl L
a b C r
creLl s . a2Ve;‘"fective . .
equilibrium point, so ———— > (0. Then new orbit Figure 6

or

is identified as elliptical orbit.
The angular frequency in new elliptical orbit is identified as oscillatory motion so for small

oscillation the angular frequency is
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Another turning point is » =c, region r>c is identified as classical region the particle is
unbounded so nature of orbit may be either parabolic or hyperbolic
Case 4: £ =V, hence r=>b is unstable equilibrium

V. .
effective
point. , the orbit can be unstable circular of radius vV

b .there is another possible shape as it is elliptical E :\/:\
| |
| [

between turning point a and unstable equilibrium

| |
point b .unbounded orbit is also possible for » > b a b

r
Figure 7
Case 5: £ >V, thereisonly one turning point r=a Vg, ., \
and region r>ais identified as classical region the £ | v
I max
particle is unbounded so nature of orbit may be either :
parabolic or hyperbolic :
a r
Figure 8
Differential Equation of Orbit
%) md2 J2
From equation of motion in radial part, m(¥ —r8") = f(r) = % —f(r)
where J =mr’0 = df = Jz dr =L - Jzi
mr dt mr° dé
d_z_(iJ(i]_( J ji( J ji:d_zf’__J_zd_Z(lj
drt? dt )\ dt mr® ) dO\ mr* )d6 ~ dt’ m*> do* \ r
2 2 2 2 2
Put the value dr = J2 ;:92( j in equation mdcjzr—J——f(r)
J? 1 Ju? (d’u (1)
:>— — [+-— Put — +ul|=f|—
(dﬁz rj f m (d@z / u
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2
Example: Consider that the motion of a particle of mass m in the potential field V' (r) = % If /

is angular momentum,

(a) What is effective potential (7

) of the system. plot V. vs r

off
(b) Find value of energy such that motion is circular in nature.
(c) If particle is slightly disturbed from circular orbit such that its angular remain constant. What

will nature of new orbit? Find the angular frequency of new orbit in term of m, [, k .

J 1,
sV =t —kr
Solution: (a) "¢ ot 2 Vo
Ver J?
“\\27”7"2 l” lkl"z
\ M2
\\ ,/' > =
7 :
L r
r=r,
dV 2 2 1/4
(b) —d;ﬁ = _nfﬁ +kr=0atr=rsor, = (#j and J=ma)0ro2

For circular motion, ma)gro = kr,, where r,is radius of circle @, = ,|—
m

2

4 P 1/4
Total energy, E = J > +lkr2 =ﬂr°2+lkr02 , E=kiy putr, = S , EzJ\/E
2mr® 2 2mry 2 mk m

(c) orbit is elliptical in nature

mr* J?
r=ry m| —

2
a’v,
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Example: A particle of mass m moves under the influence of an attractive central force f'(r).

(a) What is condition that orbit is circular in nature if J is the angular momentum of particle
. —k . . . . .
(b) If force is in form of f(r) = — determine the maximum value of n for which the circular orbit
r

can be stable.

J> o,y oV,
Solution: (a) if ¥, = 5 > +V(r), for circular stable orbit —— =0 and >0
mr?

or or?
ov 2
(b) f(r)——k for circular motion —Z" =0 = _‘]_3+8_V:0
r or mr>  Or
Itis given a—:—f(r) if f(r)—— :>8_V:£
r' or r"
2 2
mr’r " omr
o 2 2 2
Zﬂ >0= 3J4— nljl >0= 3J4 _n 7>0son<3
or mr® " mrt o mr
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Example: A particle of mass m and angular momentum / is moving under the action of a central

force f (r) along a circular path of radius a as shown in the figure. The force centre O lies on

A
the orbit.
(a) Given the orbit equation in a central field motion.
d’u m 1 .
d02+u——ﬁf,whereu—; 0 i .

C(a,0) -
Determine the form of force in terms of /,m,a and r.

(b) Calculate the total energy of the particle assuming that the potential energy V' (r) > 0 as
r—> 0,

Solution: (a) from the figure, » =2acos 0, 1 = secd N
r 2a
Ju? | d*u (lj
- +u|=f|—
m Li@z } s u
,
2 2 1 1 [ L >
—JLSQ{—(secetan2¢9+sec3 6’)+ sec@}:f(_j 0 C(.0) >
(2a) m | 2a 2a u ’
2 2
—‘]L(;H[L(se:cﬁtan2 0 +sec’ 6 +sec 9)} = f(lj
(Za) m | 2a u
Sisec 0 [tan® 6+ sec* 0+1] = f(lj o 2o —f(lj = () o~
2a-4a’*m u 2a-4a’*m u o
.2 2 2
b E=", 7 SV (r) r 0, V() >0, J_2_>0, as r —>
2 2mr 2mr
mi? Y &
E:T and r=2acos@ and 7 = -2asind9, 0=—; asr—>wo

mr
2

Hence,éz > —0so r—>0so0 E=0

mr

H.N. 28 A/1, Jia Sarai, Near IIT-Delhi, Hauz Khas, New Delhi-110016
#: +91-89207-59559, 8076563184
Website: www.pravegaa.com | Email: pravegaaeducation@gmail.com




