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Chapter 4
Central Force and

Kepler's System

2. Kepler’s Potential

The Kepler’s potential is given by V' (r) = _k with £ >0 which is central potential. If Particle of
r

mass m and angular momentum J is interact with potential, then effective potential is given by
J' ok
Veﬁ"ective = 211’17"2 _7 .

If one will plot V.., against r
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The Analysis of Ves for Kepler’s law

ffective
Case 1 for r =1, =—— total energy E, =——— the motion of path is elliptical
mk 2J

Case 2 E,<E <0 the particle is bounded between turning point a <r <b and the motion is
equivalent to small oscillation about stable point » = 7, and shape of orbit is elliptical in nature.

Case 3 E =0 the particle is unbounded where r =c is turning point.
Case 4 E >0 the particle is unbounded where r=d is turning point.

Equation of orbit for Kepler’s

2
Equation of motion is given by mi* — mr6? =—£2 put @ = > :>mif'—‘]—3:—£2
r mr mr r
2,2 2
Equation of orbit is given by Ju”\d Lzl +u :_f(lj
m | do u
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The equation reduce to jej; +y=0

The solution of equation reduce to y = Acosf u —ﬁ—n; =Acosd=u= ﬁ—n;+Ac059
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Put k—:l and e=——, then equation reduce to —=1+ecos@, which is equation of conics
m m r

where [is latus rectum and e is eccentricity.

In a central force potential which is interacting with potential V() =—— can be any conics
r

section depending on eccentricity e.
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Relationship between Energy and Eccentricity

2

For central potential V' (r) = —E, the solution of orbit is L =1+ecosf with [ = JE
r r

5 Vg
The energy is given by £ =—mr” + 5= hyperbola
2 2mr- r oy
Z J2 Eparabola : min :max
The solution of orbitis —=1+ecos@ with [ =— E i |
r km ellipse
—Z ) ) i i J ) eJ . 0 circle
So —2r=—esm6’9 where 6 = > S0 1= S ,
r mr ml Figure 9
eJsin@ J?

After putting the value of i =1+ecosf and 7 = with / = — in equation of energy,
r ml km

2EJ?

mk?

one willget e=,[1+

the condition on energy for possible nature of orbit for potential

E>0 e>1 Hyperbola
E=0 e=1 Parabola
E<0 e<1 Ellipse
2
E:—mk2 e=0 Circle
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