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Chapter 9
The Grand Canonical
Ensemble .y

3. Derivations of the above results

We define g potential
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Now, first law of thermodynamics

dQ = dE +dW — udN

-1 _
w :Wg<nn,s>dEsuu :761

dQ _ds 1

d(g+aN+ BE = a=—ulk,T
(g PE)=T-p== X B T plky
g+aN+pE=>
kB
qzi—aﬁ—ﬂ_ IS  k,TaN E
ky k,T k,T k,T
IS+puN-E —k,T+aN = uN
k,T
IS+G-E _j
kT =75
q=ﬂ G=U+PV-TS
k,T
IS+G-U =PV q:PV
k,T
_ —a\Mr —=BE, | _ BuN,  —PBE,
(b)q—ln{Z(e) e f}—ln{Ze T }
a 1 PuN, —pPE;
alu ZeﬁﬂN = PE; ( " 'BN )

ZNr ePHNr o= PE,

r,s aE
N N —JE =k,T| —
D et o)y,

H.N. 28 A/1, Jia Sarai, Near IIT-Delhi, Hauz Khas, New Delhi-110016
#: +91-89207-59559, 8076563184
Website: www.pravegaa.com | Email: pravegaaeducation@gmail.com




PravegaE] Education

CSIR NET-JRF, GATE, IIT-JAM, JEST, TIFR and GRE for Physics
H.N. 28 A/1, Jia Sarai, Near lIT-Delhi, Hauz Khas, New Delhi-110016
Contact: +91-89207-59559, 8076563184

Website: www.pravegaa.com | Email: pravegaaeducation@gmail.com

(c) g= ln(z e N PE: J

oq _ 1

[ \zaN,-BE,
8,6’ Z—aN -PE; Z( Es)e

r,s

ZE—OZN ﬂE
aﬁ Z—QN -BE;
U:_—aq:>U:kBT{a—q}
op or |, .
(d) F=G-PV E=e"M =
Y7,
F=Nu-PV Iné ="
H 4 T
F =Nk,TIn&-PV u=k,I'In&

= Nk,TIn&—k,Tq

N
F:kBTlnéN—kBTanﬂ :kBTlné—

U

Z

U

N
@s=Y=F i r(%) _krmé—kr[ ) Nk mgskyg
T oT ).y oT ).y
lllustrative Example
Classical Ideal Gas (Indistinguishable (let “Non-localized)
N
7, -4 0
N!
Z,=V f(T) (2) (Non localized anywhere in the space)

f(T) -function of temperature alone.
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q=&vf (1)
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— N =¢&Vf(T)

—U =&k, T* f'(T)
—F =Nk,TIné =&V kT f(T) PV = Nk,T
— 8 ==Nk, In&+ &V, (T (T)+ £ (T)}

Also, U = Nk,T* &
s(7)
21 (1) £ () (7))L ()]

[F(r)]

C, = Nk,

Ingeneral, C, a T
U =aNk,T
C, = aNk,
o =3/2 Nor relativistic gas

o =3 Extreme relativistic gas

Localized particles: Distinguishable, Ex Harmonic Oscillator, Approximates a solid.
Z, =2z
The single particle partition function due to localized nature of the particles,

Canonical partition function Z, = ¢(T) (Function of T alone)
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— F = Nk,TIné+k,TIn(1-£p(T))

— 8 ==Nk,TIné~k, (1-&p(T))+ 1-8o(T)

Now, ép(T)=N(1-&p(T))
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Cep(r) 1= D =N-Nep(T)= Sp(T)(1+N) =N

N __1 =1—L(N>>1) (Case)
N+1 1+1/N N

o(T)

It follows that,
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Substituting ¢(7)=| 2sinh—— (Quantum Mechanical H.0)
2k,T
k,T .
Also, ¢(T) = Fo. (Classical H.O (1D))
®

Two cases taken from precious roles.
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