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Chapter 5
Cenire of Mass and

Moment of Inertia

4. Moment of Inertia Tensor

Angular Momentum and Inertia Tensor
Let us consider the motion of a rigid body rotating about a z

fixed point o in the body as shown in figure.

S

At any instant of time, the body will rotate with velocity @

m . ! m; P
about that instant through point O. N2 d
0)

A particle P of the body, having the position vector r with
respect to O has instantaneous velocity v, relative to O,
given by

V., =@x7., where a3=wxf+a)y}+wzl€

r=xi+ y} +zk
Angular momentum of Point P about the point O is given by
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']x ]XX xy Xz a)x
J} = Iyx y Iyz C()y
Jz I X zy ] 2z a)z

I, = Zlaﬂa)ﬂ , Where [_; is inertia tensor
B

and Iy =X m(y>+27), Iy =SXm (x> +27%), I, =Y m,(x;” +y) are known as moment of

1 1

inertia and Iy =1Iyy ==2mX;y;, Ly, =1z ==2mx;z;, Iy, =1, ==2m;y;z; are known as
1

1 1

product of inertia.

ly,=1,= ﬁ:mi [éaﬂriz —xiax,.r,,}
i=1
where o =1,2,3 and #=1,2,3, so one can denote x,y,z by x;,x,,x; respectively.
For continuous system 7, is reduce to
Idm [5aﬁxf —xmxlﬁ] where dm is elemental mass.

Principal Moment of Inertia
If one can diagonalized Inertia tensor into diagonal matrix then the diagonal element is known as
principal moment of inertia

And x, y,z component of angular momentum reduces to
J. =1, 0 + ]xya)y +1 .0,
Jy=1lo +1,0,+1, 0,
J. =1, 0, +]Zya)y +1,.0,

The secular equation of characteristic equationby given by [I —/1U] =0

I.-2 1 I

Xy Xz

I Iyy—,l I =0

Xy yz

I I 1.2

zx zy

The solution of characteristic equation A =1,,1,,1; are three principal moment of inertia.
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Rotational kinetic energy of a rigid body

Kinetic energy in a co-ordinate system of principle axis is given by

1 1 1
T==1l0 +=1 0 +=10
2 2072
Example: Find the moment of Inertia of system
y

(—a.,O) (a,a)

dm 3m

. X

(—a,0) (a,0)

m 2m

Solution: m; =m, m,=2m, my;=3m, m,=4m
(xl,yl,zl):(—a,O,O),(xz,yz,Zz):(a,O,O),(x3,y3,Z3):(a,a,O),(x4,y4,Z4):(—a,a,O)

IXX=§mi(yf+zf)=mxo2+2mx02+3mxa2+4mx(—a)2=7ma2

Iy =§mi(xi2+zl.2):mx(—a)2+2mxa2+3mxa2+4mx(—a)2 =10ma’

1, zgmi(xi2+yl.2):mx((—a)2+02)+2mx(a2+02)+3m><(a2+a2)+4mx((—a)2+a2)=17ma2
Ly =Ly ==Xmxy; =0+0+(-3maa)+(-4ma.(-a)) = ma*

Iy =1 =-Ymxz;=0
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Iy, =1y ==2my;z; =0

Tma*  ma* 0
The moment of Inertia Tensor for given systemis / =| ma®> 10ma’ 0
0 0 17ma’

Example: A rigid body consists of three point masses of 2kg, lkg and 4kg, connected by
massless rods. These masses are located at coordinates (1,—1,1),(2,0,2) and (~1,1,0) in meters,
respectively. Compute the inertia tensor of this system. What is the angular momentum vector
of this body, if it is rotating with an angular velocity @ = 3i — 2}' +4k?

Solution: We have

L= Yom (2 +22)=2(1+1)+1(0+4) + 4(1+0) =12
zxy=—lzm,-x,-y,- = 2(-1)-1(0)~4(-1) =6 = I,

I, - zm = 2(1)-1(4)-4(0) = 6= 1,4

Iy =Z;%f(xf+zf)=2(2)+1(8)+4(1)=16

I, zmy = 2(-1)-1(0)-4(0)=2=1,,

1, :Zi:mi(xf +y7)=2(2)+1(4)+4(2)=16

Therefore,
12 6 -6
I=| 6 16 2
-6 2 16

Given angular velocity can be expressed as

3

We know that, in the matrix form, one can write
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L X xx xy 1 Xz a)x
Ly = yx »y I)’Z C()y
Lz zx I zy I zz CUZ

Thus, for this case

L) (12 6 -6)\(3 0

X

L |=|6 16 2 |-2|=-6

'y

L) (-6 2 16){4 ) |42

or L=-6]+42k
Example: (a) Find the moment of inertia of system where square of mass M )

and area a” the origin is at one corner as shown in figure.

(b) Find principle moment of inertia

a a 3 2
Solution: 7, =jdm(y2+zz)=%2jy2dyjdxzﬂzxa—xa=Ma
a o 0 a- 3 3
Me, o M o M
Ly = [dm(x* + 22 )= 5 [X*dx[dy = —=x—xa =
=] ( ) az(j) (I)y a3 3
2 2
IZZ=jdm(x2+y2)dxdy:[x2dm+[y2dm=M; +M; =§Ma2

M e a M & & Mad*
Iy =1y =—[dmxy=——[xdx| ydy =——x—x—=—
xy =dxy [ 2% az(j) (f)y 'y 227 1

IXZZI Z_JdeZZO

Iy, =1, =—[dmyz=0

_Maz _Ma2 0 1
3 4
2 2
I _Ma Ma 0
4 3
2
0 0 2Ma
_ 3|
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B 2 2
Ma ) _Ma 0 1
3 4
2 2
[1-av]=0, 1=| Mo Ma 0 |=0
4 3
2
0 0 2Ma _
i 3]
2Md? Ma® ’ Ma? ’
-1 -A| - =0
3 3 4
TMa® Ma® 2Ma
b= Ay = Ay =
12
Example: Find the moment of inertia tensor of semi circular disc of mass M and radius R where
origin is at the center of disc. Y
R
X
0

z

Solution: We can solve the problem in circular polar coordinate x=rcosf,y=rsiné,z=0

dm = M2 rdrd @
7R
2
///9 x
/)
zZ
M R 2M R 2M R4 r  MR?
1w =[(1?+2% ldm 2 sin’Ordrd 6 = Pr(sin® 0d0 = 2L B T _
Xx I(y )d 2“ 7[2I I R 4 2 4
R V4 4 2
(x +z° *Ordrd@ = Mzjr3a’rjcos26?dé’:2M2 (B E MR
TR o 0 TR 4 2 4
)y 2 ) MR* MR* MR?
Izzzj(x +y )dmzjxdm+jydm:YY+IXX: 1 + YRR
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2

2M Rz .
Ly =Iyy ==[xydm=———[[rcosO.rsinOrdrdd = -
TR 00 7R" o

R T
M [dr[sin@cosd=0
0

Iy, =1,y =—[xzdm=0 I,,=1,, =—[yzdm=0

B 2
MR 0 0
4
2
The moment of inertia tensor / =| 0 Mf 0
2
0 0 MR
. 2 -

3

Example: Consider a cube of volume a” and mass M , which is situated such the origin O is at

one of the corner, consider cube has uniform density p . Then, Z

(a) Find the moment of inertia tensor.

(b) Find the principal moment of inertia tensor.

(c) Find the angular momentum and kinetic energy when the axis of (0,0,0) g

rotation is parallel to X [that is, @ =(®,0,0)] X

(d) Find the angular momentum when the axis of rotation is parallel to is along the body diagonal
in the direction (1,1,1).

5

Solution: (a) /7, =jp(y2 +22)dV where pzM =%3jj'j y +z° dxdydz = 2p3a
000

a a
=1 _2Mw _2M
S T B
Similarly,
:j.jij.p X +2° =§Ma2 and Izzzjj.ip(xz_}_yz)d\/:%Maz
000 000
000 000
= _T_a[jpyZdV_——Ma
000
2 8 -3 -3
Hence, I = 1; -3 8 -3
-3 -3 8
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(b) Principle M.L. is given by characteristic equation

8Ma* _J _?)Ma2 _3Ma2
12 12 12
_.’)Mar2 8Ma’ 7 _3Ma2 _0
12 12 12
_3Ma2 _3Ma2 8Ma’ _J
12 12 12
| 1.,
=1, =1,=—Ma" and [, =—Ma
12 6
M 8 -3 -3
() I="o|-3 8§ -3
12
-3 -3 8
The angular momentum is given by
Y 8 3 3w Y [ 8w e
L=lo="2|-3 8§ -3]|0|="2]|3p|=22 (8w§—3a}j—3w1€)
12 12 12
-3 -3 810 | 3o
1-_. 1Mad* @ 1 Ma* Ma’ o’
T=—Ld=— [8w -30w -3w]|0|== x 8 =
2 2 12 0 2 12

(d) If the cube is rotating about its main diagonal, then the unit vector in the direction of rotation
inu= (1/\/5)(1,1,1) and the angular velocity vector is @ = ou = (a)/\/g)(l,l,l) . Thus according

to (10.42), the angular momentum for this case is

[ 1 A ) I
L:Ia):lg%—38—31:1;%2:6a@
R 312

In this case, rotation about the main diagonal of the cube, we see that the angular momentum is

in the same direction as the angular velocity.

Example: The solid hemisphere has mass M and radius R . Find the component /,, and /,, of

inertia tensor
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Solution: x =rsinfcos¢ y=rsinfdsing z=rcosf z

dam =M ~rdrsin 0d0d ¢
4R

X

1227
(] 2drsmt9d9d¢(r sin® @ cos® ¢+ sin” Osin’ ¢)
00

T

R
1, ={dm(x*+1*)=
zz J ( y) 47[R3(f)

3

6M &,
rrdr [ sin®0dO [ do =
47 R 2I I I $= 47 R?

Rrn2r
Iy =—[dm(xy)=— (j) (j) (f) r2drsin 0dOd $.r sin O cos grsin Osin ¢ =

AzR®

oM x%szO

6M & ,
ridr | sin® 0dO [ cosdsin pdd =
e I J dsinddg =—-—
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