PréVegaB] Education

CSIR NET-JRF, GATE, IIT-JAM, JEST, TIFR and GRE for Physics
H.N. 28 A/1, Jia Sarai, Near lIT-Delhi, Hauz Khas, New Delhi-110016
Contact: +91-89207-59559, 8076563184
Website: www.pravegaa.com | Email: pravegaaeducation@gmail.com

Chapter 2
Newton's Laws of Motion

4. The Motion in Two Dimensional in Polar Coordinate

Two-dimensional motion in Cartesian coordinate

The position vector in two dimension (x,y) plane is given by y
| L B | | I |
r=xi+y where i, are unit vector in xand y direction i :,'A.,':__::.j_j:l_
— A A -
respectively TR
. . L AN A
The base unit vector i and j are not vary with position as shown in —:—J M-:—--—l -'A-l—
ERANERNAE
figure. ST

The velocity is givenby v=r = xf+yj' and acceleration is given by a =r = xf+y}'

Newton’s law can be written as mx = F .and my=1F,.
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Two-dimensional motion in polar coordinate

Two dimensional system also can be represent in polar coordinate Y R j .
2] r
with variable (»,6) with transformation rule x=rcosé and 7
y=rsin@ where r=+/x*+y> wherer identified as magnitude r
of vector and 6 = tan™' 2| and @ is angle measured from x axis 0
X x
in anti clock wise direction as shown in figure.
A y
In polar coordinate system rand @are unit vector in radial
\ T~
direction and tangential direction of trajectory. One can see from N -2 *\\
N 0N / L
' A \ , - RO TYINX
the figure the rand @ are vary with position, where / /7\4 »\—-/7\/\«\ \\\
e \
| Y i
e = | — A : \\I\l//\//"
r|=1, ¢9|—1 and 7.0=0conclude they are orthogonal in VA x)\/\l@\/ /l /I
S -X G
/I" \/ T /<\
nature. \\@/\"’ ,
R R /TN
The unit vector 7#and 6 can be written in basis of unit vector i

and ;.
The unit vectors f,j' and f,é at a point in the xy -plane. We see that the orthogonality of r and

] plus the fact that they are unit vectors,

£l=110|=1, F=icosf+ jsin@ and 6 =—isinO+ jcos@ which is shown.
The transformation can be shown by rotational Matrix
7| | cos® sin@]i R ,J;\
0| |-sin® cosd J é’l/ AN
| I sin@
. A cosd, e
Time evolution of 7 and & L e i
sin @ T /
.- s dF . & - cos -
r=ic0st9+js1nt9:Ez—ismt%chost%’:Ezé’ﬁ (7

0=—isin@+ jcosd :%z—fcosé’é’—]’sint%:%:—f&

One can easily see unit vector 7and @ are vary with time.
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The Position Vector in Polar Coordinate
r=xi+yj,r =|r|[cos0i +sin9j]:>r =|r|7
r = rt is sometimes confusing, because the equation as written seems to make no reference to

the angle 6. We know that two parameters needed to specify a position in two dimensional

space (in Cartesian coordinates they are x and y), but the equation r = rf seems to contain

only the quantity . The answer is that F is not a fixed vector and we need to know the value of

0 to tell how F is origin. Although @ does not occur explicitly in 71, its value must be known to
fix the direction of r. This would be apparent if we wrote r=rf‘(9) to emphasize the
dependence of F on 6. However, by common conversation F is understood to stand for £(@).

Velocity Vector in Polar Coordinate

T——~__v=rb0
~
f””’ \
- > \\
. r

\

!

case 1 case 2 i
d(rr) dr . dr . dr A 3
VZQ:—.rJrr— =rmr+r— =v=rr+roo

dt dt dt dt

where r is radial velocity in 7 direction and r@ is tangential velocity in 0 direction as shown in
figure and the magnitude to velocity vector |v| =+r” +r°6°

Acceleration Vector in Polar Coordinate

L LY L L
dt dt dt dt dt dt

% =17+ 700 + r00+r00 + rO(-0)F

A

a= (r—rﬁz)f+(rt9+2r0)é =a=a,r+ayl

a, =r—r@” is radial acceleration and a, = r@ +2r@ is tangential acceleration .
So Newton’s law in polar coordinate can be written as

F. = ma, =m(r —r@>) where F. is external force in radial direction .
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Fy = ma, =m(r0 +2r0) where F, is external force in tangential direction.

Example: A bead moves along the spoke of wheel at constant speed Y

u meter per second .The wheel rotates with uniform angular velocity

6 = o radians per second about an axis fixed in space. At =0 the

spoke is along the x axis and bead is at the origin. | ——— }—— }----:
(a) Find the velocity of particle

Soldrtiuhthe aqgeleration pPrarticle

() v =rF+r00 = v =uf +utw
(b) a =(r—r6’2)f+(r(9+2r0)
r=ut=>r=u,r=0,0=0=6=0

a=—-ut@*r + 2uwb

Circular Motion
For circular motion for radius 7,, at # =7, , then r =0 so F, = ma, = —mr,0*, where F. is force
in radial direction and F, = ma, = mr, 6, where Fj is force in tangential direction.

There are two type of circular motion.

(1) Uniform Circular Motion Y
. . e . - a
If there is not any force in tangential direction F, =0 is condition, then
o _alv
motion is uniform circular motion i.e., & = w is constant known as angular Vv a
. . a
speed and tangential speed is given by v = r,®. =
(2) Non-uniform Circular Motion
For non-uniform circular motion of radius » radial acceleration is %
2 2 mv(t)z
a, =-mrf(t)” =—mreo(t)” =—-———— and
r
. . dv
tangential acceleration a, =—
dt
2
. . . L A A mv- . dv s
the acceleration for non uniform circular motion is given by a = a,7 +a,0 = ——r+7¢9
v t
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2 2
. L 5 5 mv? dv
the magnitude of acceleration is given by |a| =ya, +a; = || — | + Z
r t
Example: Find the magnitude of the linear acceleration of a particle moving in a circle of radius

10cm with uniform speed completing the circle in 45.

Solution: The distance covered in completing the circle is 277 =27z x10cm . The linear speed is
2zr 27 x10cm

V= =5mcem/s
t 45
The linear acceleration is
2 2
v Sreml/s
a =—=¥:2.57zzcm/s2

r 10cm

This acceleration is directed towards the centre of the circle.

Example: A particle moves in a circle of radius 20cm . Its linear speed is given by v=2¢, where
t isin second and v in metre/second. Find the radial and tangential acceleration at ¢ =3s.
Solution: The linear speed at t =35 is v=2t=6m/s

The radial acceleration at t =35 is
36m’s?
a =v/r=

i = =180m/s’
0.20m

d(2t
The tangential accelerationiis q, :ﬂ = ( )
dt dt

Calculation of torque and angular momentum

=2m/s*

A

F=Fr+F,0
Torque is given by 7 =rxF =rix F = m(r29 + 2rr6’)f>< 0= m(r20+2rr¢9)£
dJ ) d(mrzﬁ)
Torque is also defined rate of change of momentum ¢ = 7 = m(r 0 +2rr6’) = T
t

So, angular momentum is given by J = mr26
d(mrzﬁ)
dt

If Fy =0:>m(r¢9+2r0):03 =0=> mr’0 =constant

If there is not any tangential force is in plane then angular momentum of the system is conserve.
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Example: The Spinning Terror b o
The Spinning Terror is an amusement park ride — a large vertical drum which spins @
so fast that everyone inside stays pinned against the wall when the floor drops
away. What is the minimum steady angular velocity @, which allows the floor to
be dropped away safely?

Solution: Suppose that the radius of the drum is R and the mass of the body is

M . Let u be the coefficient of friction between the drum and M . The forces on

M are the weight W, the friction force f and the normal force exerted by the

wall, N as shown below. The radial acceleration is Rw” toward the axis, and the

radial equation of motionis N = MRw’

By the law of static friction, f < uN = uMRw’
Since, we require M to be in vertical equilibrium, f = Mg,

and we have, Mg < uMR®’ or &’ 2%
U

The smallest value of @ that will workis @, = éR
\/ y7;

Example: Mass m is whirled on the end of string R the motionisin a vertical
plane in the gravitational field of earth .write down the equation of motion ,”

in polar coordinate. l

. . . . \
Solution: There are only two forces acted on body one tension 7 in radial =~

—

direction and weight mg in vertical direction. Taking component of these two forces in 7 and 0

direction. 7 r
The Newton’s law of motion in radial direction is \\V
F. =ma, in 7 direction= —T—mgsiné’:m(r—ré’z) - BN
w
0

H.N. 28 A/1, Jia Sarai, Near IIT-Delhi, Hauz Khas, New Delhi-110016
#: +91-89207-59559, 8076563184
Website: www.pravegaa.com | Email: pravegaaeducation@gmail.com




Przi/'ega@ Education

CSIR NET-JRF, GATE, IIT-JAM, JEST, TIFR and GRE for Physics
H.N. 28 A/1, Jia Sarai, Near lIT-Delhi, Hauz Khas, New Delhi-110016
Contact: +91-89207-59559, 8076563184
Website: www.pravegaa.com | Email: pravegaaeducation@gmail.com

The Newton’s law of motion in tangential direction is
F, =ma, :—mgcos@zm(r¢9+2rt9) 2]

The equation of constrainis r=R, r=0, r=0

~T —mgsin@ =-mRO*in 7 direction 0
d’o - )
—mgcosd =mRO = o :—%cosﬁin @ direction me
t

Example: A horizontal frictionless table has a small hole in the centre

of table .Block A4 of mass m, on the table is connected by a block B

of mass m, hanging beneath by a string of negligible mass can move

under gravity only in vertical direction, which passes through the

hole as shown in figure.

(a) Write down equation of motion in radial, tangential and vertical direction.
(b) What is equation of constrain?

(c) What will be the acceleration of B when A4 is moving with angular velocity @ at radius 7, ?

Solution: Suppose of block A rotating in circle with angular velocity @ of radius 7, what is

acceleration of block B assume Z direction is shown in figure.

The external force in radial direction is tension, not any external force in tangential direction and

-
-, e

weight of body m,, and tension in vertical direction.

(a) ma(r—n?z):—T in 7 direction (1) '// (]ﬁ\
m,(r@+2rf)=0 in 6 direction .(2) \\\\ ///
m,z=m,g—T in Z ....(3) T

(b) Since length of the rope is constant then
r+z=l=r=-z ...(4) m, lz

(c) Put value of r =—z ,T:ma(z+r¢92)
2 2
m,g—m,r0 m,g —m_ 1,@
Z=bg—a put r=r0,(9:a):z=bg—”0

m, +m, m, +my
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Example: A bead rests at the top of a fixed frictionless hoop of radius R lies in vertical plane.
(a) At particular instance particle make angle @ with vertical Write down equation of motion in

polar coordinate.
(b) Find the value of @ =6, such that particle will just leave the surface of ring.

(c) At whatangle 8= Hp the acceleration of the particle in vertical direction. What is relation
between 6. and 6,.

Solution: N
(@) N—mgcosf=ma, :m(r—r62) and mgsin @ = ma, :m(rt9+2r6’)
Equation of constrain r =R, » =0, =0

N —mg cos@ = —mr6* = ma

mg sin @ = mRO = ma,

ro

2
my

(b) #=60. N=0 —mgcosf, =—mro* =— 2

From conservation of energy

mg2R :%mv2 +mg(R+Rcoch):> mv? = ngR(l—cosHC)

mg2R(1—-cos b, )

mgcos, = = cos b, :§

(c) @, =2g(1-cos6y) and a, =gsind,
If net acceleration is in vertical direction then horizontal component must be cancelled to each

other.

a,sinf, =a,cos0, :>2g(1—cosl9p)sin¢9l7 =gsing,cosd, = cosl, =%

12
6.=0,=cos 3
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