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Chapter 8
Canonical
Ensemble v

8. Paramagnetism: Quantum-mechanical
We consider a system with N magnetic atoms per unit volume placed in an external magnetic

field H . Each atom has an intrinsic magnetic moment x=2y,s with spins =1/2.

(a) Energy states. In a quantum-mechanical description, the magnetic moments of the atoms can

point either parallel or anti-parallel to the magnetic field.

State Alignment Moment | Energy Probability
(+) Parallel to H +u ~uH e et
P =ce™ =i mH
et et
(_) Anti-parallel to H —H +uH s e P
P =ce™ =— G
et et
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We assume here that the atoms interact weakly. One can therefore consider a single atom as a

small system and the rest of the atoms as a reservoir in the terms of a canonical ensemble.

(b) Mean magnetic moment. We want to analyze the mean magnetic moment <,uH> per atom

as a function of the temperature T :

PuH - puH
_Me —pue _ HH
<IUH>_WI <uH>—ytanth—T
where we used that

e’ —e”’ uH
, = H = —
e’ +e” y="hu k,T

tanh y =

(c) Magnetization. We define the magnetization, i.e. the mean magnetic moment per unit

volume, as
(M) =N (uy)
and analyze its behavior in the limit of high- and of low temperatures.

High-temperature expansion. Large temperatures correspond to y <1 and hence to

e =l+y+..,e’=1-y+..

Then,
tanh y = (I+y+..)-(1-y+..) .
2
so that
2
_MH
() = kT

Curie Law. For the magnetic susceptibility y, defined as <M> = yH , we then have

_ Ny
k,T

At temperatures high compared to the magnetic energies, y oc 7~' which is known as the
Curie law.

Low-temperature expansion. Low temperatures correspond to y>1,
e’ >e”, tanh y = 1

and hence <yH>=y, <M>=N/1
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The magnetization saturates at the maximal value at low temperatures independent of H .

, M
() o 11 <

As the spins of particles are independent of each other, the partition function of the total system
Z, isequal to the product of the partition functions for spins of individual particle. The partition
function for spins of individual particle is

Z ="M e T =2 cosh (uH / k,T)

Thus, Z,=2)= [2cosh(yH/kBT)]N
The Helmholtz free energy is
F =—k,TInZ, =—Nk,T In[ 2cosh(uH / k,T)]

The entropy is

S= (—Z—I;) = Nk, [1n{2 cosh(uH / k,T)} —(uH / k,T) tanh ( yH/kBT)]
v

Total energy is U = F + TS = —NuH tanh(uH / k,T)
Total magnetic moment is

oF
M= i Nutanh(uH /k,T)

The specific heat at constant volume ¢, is

C, = E—ﬂ = Nk, (uH | k,T) sech® (uH / k,T)
Vv
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A Two-Level System
Example: A system in thermal equilibrium has energies 0 and E. Calculate partition function of
system and hence calculate:
(i) Helmholtz Free energy (F)
(i) Entropy (S)
(iii) Internal energy (V)
(iv) Specific heat at constant volume ¢, discuss the trend of specific heat at
(a) Low temperature and
(b) High temperature
Solution: Let T be the temperature of the system. The partition function Z of the system is

7 — o0kl ~E/kyT

—E kT
e +e s

=l+e
(i) Free energy F of the system is
F=—k,TInZ =—k,Tln[l+e """ |

(ii)Entropy S of the system is

S:—(a—F) —kyhfleetor s £ L
oT )y, Te '™ +1

(iii) Internal energy U is
U=F+TS
E E

E/kgT E/kgT
e B B

= —kBTln[l + e’E”‘T]+ kBTln[l +e‘E”‘BT]+

+1_e +1

(iv) Specific heat at constant volume C), is

aU E 2 eE/kBT
c, =| — =k
" (aTJN,V B(kBTJ (eE/kBT +1)2

(a) At a low temperature E/k,T > 1, and equation above reduces to

2
E

b [k—rj
B

—E/kgT

Since with the decrease of T, the function e , therefore

C, -0 when T->0
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(b) At a high temperature E/k,T <<1 and equation reduces to

2
C, =k E 1 Hence, C, > 0Owhen 7' —
k,T ) 4

Free Particle in 1D box: Classical Treatment

Example: The Hamiltonian of one-dimensional N free particle is confine in box of length L given
N 2

by E(q,p) = z Pi 1 write down
o | 2m

(a) Expression of partition function

(b) Internal energy of system

(c) Specific heat at constant volume
, 1 & pr
Solution: (a) Z, :h—NJexp[—{;[zm}}/kBTJ dq, dp,
L

2

For evaluation of the first integral of equation let us put P _y and Pip, =du
mk,T mk,T

Using equations in the first integral equation we have

ji exp (pf / 2kaT) dp, = 2'[: exp (—p,.2 / 2kaT) dp.

=1/2kaT'[:e‘“u‘”2 =\/2zmk,T and integration of second integral is L

Partition function of one particle is Z = %(27:7111{1,3T)1/2 (L)

1
VN

1 07 Nk, T
b) The i | EV=(U)=k,T —=— , (E)=(U)=—2
(b) The interna energy( > <> s 2o <><> 5

(©) cV:(a_Uj _ M,
or ), 2

Partition function of N particle is Z, = Z" = (272mk,T)""* (L)'
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One dimensional Classical Harmonic Oscillator
Example: Total energy of the system of N one dimensional classical oscillator is given by
o piz 1 2 2
E(g.p)= ;[%Jrgmw g; }

where giand p; are position and momentum of the i-th oscillator, respectively.
Write down

(a) Partition function

(b) Helmholtz Free energy

(c) Entropy
(d) Internal energy
(e) Specific heat at constant volume

Solution: (a) The partition function of the system is

Z—Lex—ﬁlp’g+lmw22 k.T | dg d
NN p 2l 2 q; B q; ap;

1 N o 2 0 2 2
_ —p; [ 2mkgT —maw q; | 2kgT
_h_Nl | Lﬁe g dpl.jiwe " dg,
i=1

2
: dp.
For evaluation of the first integral of equation let us put P _yand 2P _ gy
mk,T mk,T

Using equations in the first integral equation we have

r; exp (pf / 2kaT) dp, = ZJ.: exp (—pi2 / 2kaT) dp,

= \2mh,T [ e 'u™"? = 27mk, T

For evaluation of the second integral of equation, let us put

2 2 2
moyq, . o.gq MO q.dq,
2k,T k,T

=du

0

Iwexp(—ma)zqiz /2kBT)dqi = 2!: exp(—ma)qu, /kaT) dq,

T ¢ 2k, T
_ kB . J., e w2y = ﬂsz
ma © maw
1 N2 2rk,T N
Z, = h—N(ZﬂkaT) P
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(b) Free energy F of the system is

F=-k,TnZ, = —NkBTln(z”kBT )

haw
Once the free energy of the system is known, we can calculate other thermodynamical quantities
of the system.

(c) Entropy S of the system is

S :—(a—Fj = Nk, ln(zﬂkBT)+NkB
oT )y ho

(d) Internal energy U is

U=F+S8T = Nk,T
Thus, the mean energy per oscillator is k,T
(e) Specific heat at constant volume C,, is

ou
C, =——= Nk, The specific heat at constant volume Cv is independent of the temperature
oT

Quantum Mechanical Harmonic Oscillator: 1D
Example: In quantum mechanics, energy of an oscillator is quantized and the energy of the N

such system is given by

Y 1
E = Zha)(ni + —j

L 2
wheren, is an integer; n, =0,1,2,3,.... then find
(a) The partition function of the system.
(b) Entropy
(c) Helmholtz free energy
(d) Internal energy

(e) Specific heat at constant volume, also discuss the case for lower temperature and higher

temperature.
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Solution: (a) Z, = Y exp(~E, /k,T )= Zexp{—i ha)(ni + ;) /kBT}
n; n; i=1

N )
= H{Zexp{—ha)(ni +1j/kBTH
i=1 =0 2
We know that iexp{—ha)(ni +;j/kBT} =exp(—hw/2k,T )+ exp(—3hw/2k,T)
n;=0

exp(cheo/2k,T) 1 exp(—haw/2k,T)
=exp(— =
P " 1-exp(~ho/k,T) | 1-exp(-hw/k,T)

Thus, the partition function is

(~har/2k,T) | -
Z, = e or=| 2sinh ho
1—exp(—hw/k,T) 2k,T

(b) Free energy F' of the system is

exp(—haw/2k,T)
F=-k,TInZ, =—Nk,TIn
1—-exp(—hw/k,T)
= N—hw+NkBTln[1—exp(—ha)/kBT)]

Once the free energy of the system is known, we can calculate other thermodynamical quantities
of the system.

(c) Entropy S of the system is

oF Nhw/T
S=—| — =—Nk,In|1- —hw!k,T
(GTJN,V g n[ exp(ho/k, )]Jrexp(ha)/kBT)—l

ha 1
= Nk —In|1- —he!k,T
B{kBT]exp(ha)/kBT)—l n[ exp(ho !k, )]}

(d) Internal energy U is

U=F+ST=N|~ho+ he
2 exp(hw/k,T)-1

(e) Specific heat at constant volume C,, is

¢, =%V - Npo—S2hol k1) 2[ hwzj
ar [exp(ha)/kBT)—l] kyT

H.N. 28 A/1, Jia Sarai, Near IIT-Delhi, Hauz Khas, New Delhi-110016
#: +91-89207-59559, 8076563184
Website: www.pravegaa.com | Email: pravegaaeducation@gmail.com




PravegaE] Education

CSIR NET-JRF, GATE, IIT-JAM, JEST, TIFR and GRE for Physics
H.N. 28 A/1, Jia Sarai, Near lIT-Delhi, Hauz Khas, New Delhi-110016
Contact: +91-89207-59559, 8076563184
Website: www.pravegaa.com | Email: pravegaaeducation@gmail.com

2
=Nk3{ hcg] exp(hw/k,T) 2
kT [exp(ha)/kBT)—1]

e Atalow temperature, we have (ha)/kBT) >> 1, and therefore, equation reduces to

2
C, = NkB( ho J exp(— th
kT k,T

—he!kyT

Since with the decrease of T, the function e reduces much faster than the increase of the

function (hw/k,T) ,therefore C, -0 when T —0

e Ata high temperature, we have (hw/k,T)<<1, and therefore, equation reduces to

I+hw!k,T+.....

C, = Nk
C T (1+he/ 2k, T+ )

It gives C, - Nk, when T - oo it shows that the classical result for C, is valid at high

temperature.

1
Example: If Z is partition of one dimensional harmonic oscillator with energy(n +Ejha) where

n=0,1,2,3,.... at equilibrium temperature T .
(a) what is probability that system has energy BN

(b) what is probability that system has energy lower than 4ho

(c) what is probability that system has energy greater than 47w

Solution: If Z is partition of system what will be probability that system has energy 760
equilibrium temperature T.

exp— i ——
k,T p(h_a)j "2k, T

Solution: (a) p(E,)= 2

Z Tz
(b) System has smaller thus energy 47w possible energy ishTQJ, 3he , Sha , The ,

272 2
10} 3hw S5hw Thw
X e TP TP TP
S0, P(E <4hw)= L B ~ B B

p(E >4ho)=1-p(E < 4ho)
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Sho Thw

exp- 2t exp- 1 | exp- 1P 4 exp
P P T R Y

2k, T 2k, T
7z

p(E>4hw)=1-

Classical Paramagnetic substance: Continuous System

Example: A paramagnetic system consists of N magnetic dipoles. Each dipole carries magnetic
moment & which can be treated classically. If the system at finite temperature 7 in a uniform
magnetic field H .

(a) Find partition function

(b) Internal energy

(c) Find average magnetic moment.

(d) Write down expression of average magnetization.

Solution: (a) For paramagnetic substance interaction energy is given by E, =—u-H which

equivalentto £ =—u H cos@ (we are in three dimensional system so @ and ¢ both are classical

state of system in spherical coordinate system)

27 7
Partition function for one dipole moment is given by Z, = J I e""7 % sin 0d@d ¢ where
$=0 =0

1
Poer

N
And for N number of dipole partition functionis Z, = {Zﬂxje”ﬁ’“’ %% sin Hdﬁj
0

N N
= {2—ﬂ[eﬂ"H - e'ﬂ”Hﬂ =7, = [ 4z sinh(ﬁ,uH)} at equilibrium temperature T where
upH upH

(b) F = —NkBTmL‘;; sinh ( ﬂyH)}

Uop 2 OnZ _ [aan
=k, -

or op

One can write the expression in term of Langevin function which is given by

1
U=-NuH | cothfuH ———
j:> g {CO o ﬂuH}

(L(x) = cothx—lj where x=fuH = (U)=-NuHL(x)
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The plot of
Langevin function and internal energy is given below
T
U
L(x)
PuH —
x > - BuH f-------"T==== -

(c) average magnetic moment for a paramagnetic substance
—B(=puH )cos 6 e PuH cosd

P(—ﬂ'H)=eT=E

Assume magnetic field is in z direction so all component of uis effectively in z direction

/'lej'f(ective = {/u = /’lZ = HCOS 0}
2r
I J.u cos G’ <% sin 0d Od ¢
() =21 put Bucosf =1 so —Busin 0d6 = di
[[e = sin0d0ay
00

()= ,u{coth(ﬂ,uH)—ﬂ/u;H}

(d) The average magnetization is given by

1

M —N<,u>— N,u{coth(ﬂ,uH)—ﬂlu—H}
Gravitational Field
Example: Consider a system of N particles, each of mass m, enclosed in an infinitely long
cylindrical container placed in a uniform gravitational field. The system is in thermal equilibrium.
Obtain expressions for the
(a) classical partition function,
(b) Helmholtz free energy
(c) Entropy

(d) Internal energy and

(e) Specific heat of the system
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Solution: (a)Let us take consider a cylinder whose axis is along the z-axis of the Cartesian
coordinate system and base is in the plane z = 0. Suppose there are N identical particles in a
system. Each of the particles is moving independently and there is no potential energy. Total

energy of a particle is

2+ 2+ 2
Hsz p,t+p. + mgz
2m

Thus, the partition function of a single particle is

Z, =% [[1][]e*"" axdydz dpdp,dp.

=gt et asayzdp,dp,dp.

3/2
" T
G(Mj ez = T8 (o, 7y

" n mg
where o is cross section of the container. As the particles are independent of each other, the

partition function of the total system Zy is equal to the product of the partition functions for

individual particle. Thus, we have

1w 1ok, (2zmk, 7"
Zy= m(zl)

zﬁ mg h’

(b) The Helmholtz free energy F of the system is

3/2
F:—kBTln(ZN):_NkBTln|:?—kaT(27TIZZkBTj j|
mg

(c)The entropy S of the system is

3/2
§=-2E _ Nk, 1n| ZEL [ 27mET NS e
oT Nmg h 2

(d)The internal energy Uis U =F+ ST ngkBT

oU 5
e) The specificheat C, is C, =| — | =—Nk
(e) P g g (aTjV 2 7
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Linear Potential
Example: A particle is confined to the region x > 0 by a potential which increases linearly as

u(x) = uox. find the mean position of the particle at temperature T.

Upx

- Y
Solution: Partition function is givenby 7 = %J‘e 2'"k'f’TanJ‘e KT il
: .z k,TY %
”xe‘znfwdpe":z;dx Ixe " dx (Bj fte”dt LT
(x)= pr(x)dxdpx = - =L — = adl L K
» _Hg* [kBTj J. .
e'dt
Ho 0

uyx o
Example: A system consists of N noninteracting, distinguishable two-level atoms. Each atom can

“‘eimdp e_k?dx Ie "o dx

0

existin one of two states, £, =0, and E, = ¢. The number of atoms in energy level E| is n . The
internal energy of the systemis U =n E, +nE,.

(a) Compute the entropy of the system as a function of internal energy.
(b) Compute the heat capacity of a fixed number of atoms, N .

Solution: Since £, =0 the energy U can be realized in U / ¢ = n, particles are in the state 1, and

(N—U/e) = N —n, particles are in the state 0. The number of ways to do that is

Consequently, %zln%;)'z NInN—-N-nlnn+n—(N-n)+(N-n)
!

Finally, E ~ NlnN—glng—(N—gjln(N—gj
k E € & &

To find temperature we do usual procedure

2 s/kT
Asresult, U :S/JIYTE, C= Nk(ij 6—2
e’ +1 kT (ef/kT +1)
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Example: Consider a lattice with N spin-1 atoms with magnetic moment x. Each atom can be
inone of 3 spin states, §_ =-1,0,+1. Let n_,n, and n, denote the respective number ofatoms

in each of those spin states. Find the total entropy and the configuration which maximizesthe
total entropy. What is the maximum entropy? (Assume that no magnetic field is present, so all
atoms have the same energy. Also assume that atoms on different lattice sites cannot
beexchanged, so they are distinguishable).

N!

Solution: We have, W =
n_'n! (N n,—n)

InW=NInN-n Inn,—(N-n,—n)In(N-n_—n)

Differentiating this function by n ,and »n,and equating the derivatives to 0 we get:
m=(N-n-n,)=n,—>n=n=n,=N/3

The maximum entropy is

S . =kNIn3

Example: Consider a one-dimensional lattice with N lattice sites and assume that i-th lattice site

has spin s, =1. The Hamiltonian describing this lattice is

——eZss +1

Assume periodic boundary condition, so sN +1=s,. Compute the correlation function <sls2>.

How does it behave at very high temperature and at very low temperature?

Solution: We have

=Y. Zexp(ﬂngs +1J

sp=%1  s;==%1

As it is recommended in the book [1], we introduce the matrix

e
=e"I+e "o,
e’

P=
We have, < ‘P‘ j+1> e

Then, Z,, (T) ;} NZ:;1<SI |1’3|s2><s2 |ﬁ|s3>...<sN|ﬁ|sl> =TrP"
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The matrix P has eigenvalues
A, =cosh e, A, =2sinh fe

Thus, Z, (B)=2" (coshN e +sinh”™ ﬂg)

1 8InZ, _cosh"(fe)sinh"™ (fe)cosh(pe)
Ne of cosh” (Be)+sinh" (Se)

We have <s,.sj +1> =

At low temperature, &> 1,cosh(f¢)~sinh(fe) and <s,.sj+1> =1. Thus, we have ferromagnet
ordering.

At high temperature, cosh(B¢)— 1,sinh(Be)— 0— <s,.sj+1>ﬂ <1

Example: In the mean field approximation to the Ising lattice, the order parameter, <s> satisfied

the equation

(5= tann s} |

where T, =ve/2k where ¢Blis the strength of the coupling between lattice sites and BElis the
number of nearest neighbors.

(a) Show that <s> is the following temperature dependence
() -7, T—0
Sy~
3(1—T/TC), T—>T,
(b) Compute the jump in the heat capacity at 7'=T,

(c) Compute the magnetic susceptibility, ;((T, N) in the neighborhood of T,. both for 7> T,

B=0’

and 7 <7, . What is the critical exponent for both cases?

Solution: Since tan & =1-2¢7 atlarge &, we get
(s)=1- 22T (s)~1-2&7"""

Atsmall &, tanh & ~ £—E£° /3, we obtain

T, T,

<s>z<s>?cg(?cj3ﬁhus, (s)=3(1-T/T,)

(b) The Hamiltonian is
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< ve
H=-) E(&B)s, E(g,B)=?<s>+yB
i=1

Thus U =—NE (s) =—NE(s), and

S S ) CO

At T —-T.-0 and B=0 we get

3N
(5)=B0-T/T.) —¢C,-0=7 Tvg

C

At T > T the average spin is zero, thus the jump in specific heat is given by CTC -0
(c) To get magnetic susceptibility we have to differentiate the magnetic moment N=Ny<s>

with respectto B:

< >] B—>
aB N, 0

Defining 7 = (8<s>/63) , We get the following equation at B — 0

N,B—>
1 Pve
= +
7 cosh2(<s>TC/T){ 2 7 ﬂ,u}
2
Its solution is 77 = 2B .Finally, y = Nu I /T

cosh’((s)T,./T)-T./T ve cosh®((s)T./T)-T./T

Nu* T,
ve T-T,

About 7. we have <s> =0,and y=

Below T, we get

e ) (2 ereof o)

C
Ny T,
ve 2(T.-T)

As aresult, below 7., y =

Thus, there is a divergenceat 7 > T, y |T—TC|71 with critical exponent equal to —1
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Example: The Hamiltonian of two particles, each of massm, is

2
pl w2y

H(q,,p39,,p,)= o T o

1
(qf +q; +Zq1q2j, where k>0 is a constant. The value of the

partition function

o) o [ e

Solution: z( quljdpl.[dp o PHapa202)

—00 —00

Ll 2 ‘11‘12]

z2(B) = Ie_ﬂf’idpl T Zmdpz ” et

—00 00

27zm i E 2mr? \/7
,6’/2m ﬁ/m 63  kp’

Using Jacobian Transformat|on, q, =u+v

dq,dq,

2 2
u —v
9 +q: +—qu =u +v +2uv+u’ +v: = 2uv+

u’ —v? B 8u +8v? +u’ —v? _9u2 +7v?

4 4 4
‘Z1+Q2 9, — 4,

q, =u—v U=—— v=
2 2
9192

TTe_ﬂk{ql+qz+]dqldq2 ” (4,0) e ) gy

—00 —00 —00 —00

=2[u2+v2]+

9B\ 78k ﬂk 3 ﬂk
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